Abstract: In this chapter, we consider volatility swap, variance swap and VIX future pricing under different stochastic volatility models and jump diffusion models which are commonly used in financial market. We use convexity correction approximation technique and Laplace transform method to evaluate volatility strikes and estimate VIX future prices. In empirical study, we use Markov chain Monte Carlo algorithm for model calibration based on S&P 500 historical data, evaluate the effect of adding jumps into asset price processes on volatility derivatives pricing, and compare the performance of different pricing approaches.
Variance and Volatility Swaps for Stochastic Volatility Models
In this section, we will focus on the variance and volatility swap pricing under stochastic volatility models and stochastic volatility models with jumps. The continuous variance strike under these models can be found through definition. However, the non-linearity property of square root function requires us to apply some techniques when evaluating the continuous volatility strike. In the following sections, we will use the convexity correction formula to approximate volatility strikes, and the closed-form solutions developed in [Broadie and Jain, 2008] will also be presented, for the sake of completeness of the presentation.
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Heston Stochastic Volatility Model
We assume all the price dynamics are modelled under risk neutral measure. Now we present an analysis of variance and volatility swaps under Heston stochastic volatility model. The Heston model [1993] is given by
the first equation in (1) gives the dynamics of the stock price S t , r is the spot interest rate, √ V t is the volatility of stock price and the variance V t is a C-I-R process. κ represents the speed of mean reversion, θ is the long run average of variance and σ is the volatility of variance. W Instead of finding the explicit solution for Heston model, we will derive the mean and variance of V t . To do so, we let V t = e −κt Z t with Z 0 = V 0 , then dV t = −κe −κt Z t dt + e −κt dZ t = −κV t dt + e −κt dZ t , and dZ t = κθe κt dt + σe 
Notice that expectation of Itô integral is zero, we have that
By using Itó isometry property we obtain following formula for variance of V t V ar(V t ) = σ 2 e −2κt V ar( 
Variance Swap for the Heston's Model
In the case of Heston stochastic volatility model, continuous realized variance is given by
and the fair continuous variance strike is given by
Volatility Swap for the Heston's Model (Convexity Correction Method)
The realized volatility is commonly calculated by using the square root of the realized variance define in (5), and the fair continuous volatility strike K * vol for Heston's model is given by
For fair continuous volatility strike K * vol , we have following theorem.
Theorem 1. The fair continuous volatility strike under Heston's model can be approximated as following
Proof. To evaluate the fair discrete volatility strike under Heston's model, we need to find the risk neutral expectation of the square root of realized variance. Brockhaus and Long [2002] show that the fair volatility strike K * vol can be approximated by using Taylor's expansion of RV c (0, T ) around E RV c (0, T ) as following
Taking expectations under the risk-neutral measure on both sides of (9) gives
Thus, the fair volatility strike can be approximated by the convexity correction formula (10), which only requires to find expectation and variance of realized variance. Specifically, for the Heston's model, the expectation of realized variance is given by (6) while the variance can be found through following steps.
Since
and from (2) we have that
and,
substitutes (6) and (12) into (13) we have
From the convexity correction formula (10) we have It is convenient to use convexity correction formula to approximate the fair volatility strike, but the realized variance is required to be in the radius of convergence to make the first three terms in the Taylor expansion be a good approximation of square root function. Broadie and Jain [2008] claim that the 4th order terms in Taylor expansion of square root function are not small enough in the Heston stochastic volatility model, and hence the convexity correction formula will not provide a good estimate of the fair volatility strike. Instead of using Taylor expansion, they consider following formula for square root function
and by taking expectation on both sides of (16) and using Fubini's theorem we have that
Theorem 2. For the Heston stochastic volatility model, the fair continuous volatility strike is given by
where
See [Broadie and Jain, 2008, Prop. 3 .1, page 774] for more details. The above formula for the Laplace transform of the continuous realized variance can be justified by using Feynman-Kac formula [Cairns, 2004] .
Numerical Example for the Heston's Model
For a better understanding of swaps pricing under the Heston's model, we provide following numerical example.
We choose the value evaluated in the empirical study in section 2.2, see Table 1 , for the Heston's model parameters, which are evaluated through Markov chain Monte Carlo algorithm based on historical data of the S&P 500 index over the period from January 13, 2015 to January 13, 2017 (One can refer to section 2.2.1 for details). The estimation of parameters in Heston's model are
Therefore, the fair continuous variance strike of a S&P 500 variance swap with one year maturity is
the related fair continuous volatility strike derived from the convexity correction formula is 
Now we use the second approach -the closed-form solution developed from Laplace transform to evaluate the related continuous volatility strike.
From Theorem 2, we have that
thus the fair continuous volatility strike evaluated through the Laplace transform method is
Merton Jump Diffusion Model
In this section we consider the dynamic of underlying asset prices follow the Merton jump-diffusion model
2 ) represent the jump size of price, and E(Y i −1) = m while the parameters are related by the equation e 
For a asset which can be modeled by (22), the variance of price comes from two parts: the diffusion of price process and jumps in price. Thus the continuous realized variance over [0, T ] in Merton jump diffusion model can be expressed as
and the fair continuous variance strike is
which depends on the volatility parameter σ as well as the distribution of jump size.
To evaluate the continuous volatility strike in the Merton jump diffusion model, we can either use convexity correction method or Laplace transform.
Theorem 3. From the convexity correction formula (10) we have following approximation for fair continuous volatility strike in Merton jump diffusion model
Proof. Since
substitute (24) and (26) into convexity correction formula, we have that
Theorem 4. By applying Laplace transform method, we have following evaluation for the fair continuous volatility strike in Merton jump diffusion model
we have that
See [Broadie and Jain, 2008, Prop. 3 .1, page 771 and Prop. 5.1, page 774] for more details.
Numerical Example for the Merton's Model
Now we provide a numerical example for Merton's model. The parameters are evaluated through MCMC algorithm based on historical data of the S&P 500 index over the period from January 13, 2015 to January 13, 2017. Let
Then, the fair continuous variance strike for a variance swap with maturity of one year is
Using Theorem 3, we have following evaluation for fair continuous volatility strike
≈ 0.097, and the volatility strike evaluated from Laplace transform method is
ds ≈ 0.0246. 9
Bates Jump Diffusion Model
Heston's and Merton's models are combined by Bates[1996] in 1996, who proposed the stochastic volatility with jumps model as following
where the meanings of parameters are same as in Heston's stochastic volatility model (1) and J t is a compound Poisson process with the same properties as in Merton jump diffusion model (22). Moreover, we assume that the jump process and Brownian motions are independent. Similar to the Merton's jump diffusion model (22), the variance of price comes from the diffusion of price process and jumps in price. Thus the continuous realized variance over [0, T ] in Bates jump diffusion model is
Now we use both the convexity correction method and the Laplace transform method to evaluate the continuous volatility strike in the Bates jump diffusion model. Theorem 5. From the convexity correction formula (10) we have following approximation for fair continuous volatility strike under Bates jump diffusion model
where E(RV c (0, T )) and V ar 1 T T 0 V t dt are given by (31) and (14) respectively, and
by using the convexity correction formula, we have that
, and
Theorem 6. By applying Laplace transform method, we have following evaluation for the fair continuous volatility strike of Bates jump diffusion model
A(T, s) ans B(T, s) are given by (19) .
See [Broadie and Jain, 2008, Prop. 5 .1, page 774] for more details.
Numerical Example for the Bates' Model
Now we provide a numerical example for Bates' model. The parameters are evaluated through MCMC algorithm based on historical data of the S&P 500 index over the period from January 13, 2015 to January 13, 2017. Let r = −0.0044, κ = 0.8269, θ = 0.1793, σ = 0.2916, ρ = −0.8734, λ = 0.0038, a = −0.0001, b 2 = 0.05, V 0 = 0.0103. Then, the fair continuous variance strike for a variance swap with maturity of one year is
The fair volatility strike evaluated from convexity correction formula is The fair volatility strike evaluated from Laplace transform method given in Theorem 9 is In probability theory, a distribution is said to be stable if a linear combination of two independent copies of a random sample has the same distribution, up to location and scale parameters. Specifically, the characteristic function of symmetric α-stable distributed random variables has following form
where α ∈ (0, 2] is the characteristic exponent(stability parameter) which determines the shape of the distribution, δ ∈ (−∞, ∞) is the location parameter and σ ∈ (0, ∞) is the dispersion, which measures the width of distribution. For 0 < α ≤ 1, δ is the median, while for 1 < α ≤ 2, δ is the mean. A symmetric α-stable distribution is called standard if δ = 0 and σ = 1. For more details about symmetric α-stable distribution, one can refer to [?] . However, there is no closed form expression exists for general α-stable distribution other than the Lévy (α = 1/2), the Cauchy (α = 1) and the Gaussian (α = 2) distributions. Also, only moments of order less than α exist for the non-Gaussian family of α-stable distribution. The fractional lower order moments with δ = 0 are given by
and Γ(·) is the Gamma distribution. One important characteristic of symmetrical α-stable distribution is that the smaller α is, the heavier the tails of the α-stable density. The heavy tail characteristic makes the distribution appropriate for modeling noise which is impulsive in nature, for example, electricity prices or volatility (See [Swishchuk, 2009] 
The α-stable Lévy processes are the only self-similar Lévy processes such that L(at)
, a ≥ 0. They are either Brownian motion or pure jump. For 1 < α < 2, we have E(L t ) = δt where δ is the location parameter of the α-stable distribution. For more details about properties of α-stable Lévy processes, one can refer to [Swishchuk, 2009] .
Change of Time Method for the Stochastic Differential Equations Driven by Lévy Processes
Let L α a.s. denotes the family of all real measurable F t -adapted processes a(t, ω) on Ω × [0, +∞), such that for every T > 0,
Now we consider stochastic differential equations that have following form dX(t) = a(t, X(t−))dL(t),
where L(t) is an α-stable Lévy process.
, then the timechanged stochastic integralL(t) = T (t) 0 adL(t) is anF t α-stable Lévy process, where L(t) is F t -adapted α-stable Lévy process. Consequently, for each t > 0, t 0 adL =L(T (t)) a.s., i.e., the stochastic integral with respect to a α-stable Lévy process is nothing but another α-stable Lévy process with randomly changed time scale.
See [Rosinski and Woyczinski, 1986 ] for more details.
Variance Swaps for the Lévy-based Heston Model
Assume the price and variance of underlying asset satisfy following model
where parameters have same meanings as in (1) 
whereL
Thus the fair continuous variance strike K * var = E RV c (0, T ) is given by
However, only moments of order less than α exist for the non-Gaussian family of α-stable distribution, which means we are not able to evaluate the variance of the realized variance RV c (0, T ). Therefore, the convexity correction method are not able to be used to find the continuous volatility strike under the Lévy-based Heston model.
Numerical Example for the Lévy-based Heston model
Assume the dynamics of an asset price can be modeled as in (34), where the driven Lévy process is symmetric α-stable (i.e., β = δ = 0), µ = −0.0018, κ = 0.8519, θ = 0.1574, σ = 0.2403, ρ = −0.8740, and V 0 = 0.0093. Then, the fair continuous variance strike of a variance swap with maturity of one year is given by 
VIX Futures Pricing
In this section, we will consider a highly traded volatility derivative -the VIX future. We will price the VIX future under Heston's and Bates' models, and evaluate the pricing performance of different models with different approaches by comparing the estimated future prices with the market future prices.
VIX Futures
The Volatility Index (VIX) introduced by the Chicago Board Options Exchange (CBOE) in 1993 has been considered as a key measure of the stock market volatility. The original CBOE Volatility Index was designed to measure the market's expectation of 30-day implied volatility by at-the-money S&P 100 Index option prices. In 2003, CBOE together with Goldman Sachs, updated the VIX to reflect a new way to measure expected volatility, which is based on the S&P 500 Index (SPX) and estimates expected volatility by averaging the weighted prices of SPX puts and calls over a wide range of strike prices. CBOE introduced the first exchange-traded VIX futures contract on March 24, 2004 and launched VIX options after two years. The trading in VIX options and futures are very active and has grown to over 800,000 contracts per day in just 10 years since the launch. See [CBOE, 2014] As described in the CBOE white paper [CBOE, 2014] , the generalized formula used in the VIX calculation is
where τ =
365
, K i is the strike price of the ith out-of-money option in the calculation, F is the forward index level at time t, Q(K i ) denotes the midquote price of the out-of-money options at strike K i at time t, K 0 is the first strike below the forward index level, and r is the risk-free rate with maturity τ . Mathematically, (2.1) can be recognized as a simple discretization of the forward integral over [t, t + τ ] [Lin, 2007] , i.e.,
where V t is the instantaneous variance, E(X) is the expectation under the risk-neutral probability measure and E t (X) := E(X|F t ), ξ 1 and ξ 2 are coefficients determined by the price dynamics (See Appendix A in [Lin, 2007] for more details about the coefficient).
The expression of the VIX squared can also be given in terms of riskneutral expectation of the log contract [Zhu and Lian, 2011] 
Carr and Wu [2006] showed that the price of a VIX future is a martingale under the risk-neutral measure, and the value of a VIX future contract with maturity T is
VIX Futures Pricing under the Heston's Model
Assume the dynamics of S&P 500 Index can be approximated by Heston's stochastic volatility model as in (1), in which we have that ξ 1 = 1 and ξ 2 = 0. Thus the VIX squared in this case is
and the present value of a VIX future contract with maturity T is
Now we use convexity correction formula and Laplace transform method to evaluate F (T ) separately.
Theorem 8. Applying the convexity correction formula (10) to (42), we have following approximation for the value of VIX future contract,
and
Proof. By applying convexity correction formula, we have that
Zhu and Lian [2011] consider a general model for the S&P 500 which incorporates stochastic volatility and simultaneous jumps in both the asset price and the volatility process. They found the closed-form pricing formula for the exact price of a VIX future by solving a backward partial integro-differential equation (PIDE). Now we give following closed-form pricing formula for the Heston stochastic volatility model by modifying the result in [Zhu and Lian, 2011] .
Theorem 9. Assume the dynamics of S&P 500 Index is given by the Heston stochastic volatility model (1), the price of a VIX future with maturity T is then
and f (φ; T, V 0 ) is the moment generating function of the stochastic variable
See [Zhu and Lain, 2011] for more details.
VIX Futures Pricing under the Bates' Model
In this section we derive the present value of VIX futures in Bates' model (29) , where ξ 1 = 1 and ξ 2 = 2λ(m − a). By the definition of VIX squared (38), we have that
Once again, we use convexity correction formula and Laplace transform method to evaluate F (T ) in (47).
Theorem 10. By using the convexity correction formula (10), we have following approximation for the value of VIX future contract in Bates' model,
where E(V T ) and V ar(V T ) are same as in (44).
Proof. By using convexity correction formula, we have that
Theorem 11. Assume the dynamics of S&P 500 Index is given by the Bates jump model, then the price of a VIX future with maturity T is given by
See [Zhu and Lian, 2011] for more details.
Empirical Studies
In this part we will use historical data of the S&P 500 index and the pricing formulas derived in above section to price the VIX futures, and evaluate the pricing performance by comparing the estimated prices with market prices of VIX futures.
Calibration
It has been shown that the Markov chain Monte Carlo (MCMC) algorithm outperforms some other calibration methods in many ways. Its' advantages such as stability, computational efficiency, the ability of detecting jumps [Cape et al., 2015] make it suitable for parameters estimation in our cases. In this section, we use MCMC algorithm to estimate the model parameters from the historical data of the S&P 500 index over the period from January 13, 2015 to January 13, 2017.
In our study, we use the method provided in [Cape et al., 2015] and [Johannes and Polson, 2006] , which use Gibbs sampler for parameter estimation and Metropolis-Hasting algorithm for simulating the variance process V t . We implement the MCMC calibration by using the R package provided by the authors in [Cape et al., 2015] . The calibration procedure was applied to Heston's and Bates' models respectively. The following were chosen as the prior distribution parameters,
,
Initial values for the MCMC algorithm were chosen based off the observed data when possible or a random assignment when more educated estimates were not possible (see [Cape et al., 2015] ). As a result, the following initials were chosen:
2 ,
After our simulations, we discarded the first 3000 runs as 'burn-in' period and used the last 8,000 iterations to estimate model parameters. Means of the draws from the posterior distributions of each parameter are reported as well as the standard deviation of the draws for the distribution. The algorithm was run 10 times, recording the parameter values after each run after which the means were calculated from the ten runs. Each run took about 20 minutes and was done completely in the statistical language of R, utilizing pre-defined routines for random number generation. Table 1 provides a summary of the results obtained from the MCMC simulations.
Like other published results, e.g., [Cape et al., 2015] , [Zhu and Lian, 2011] , there is a strong negative correlation between the instantaneous volatility and returns, and the correlation is even stronger than others that have been observed. Cape et al. [2015] point out that the MCMC algorithm we used has the difficulty in detecting jumps during times of high volatility such as the late 2008, the S&P 500 index is relatively stable during the period we choose.
Comparative Studies in VIX Future Pricing Performance
In this section, we use VIX futures market prices as the benchmark, and compare the pricing performance of Heston's and Bates' models under convexity correction approximation and closed-form solution pricing formula. By following the studies in [Habtemicael and SenGupta, 2017] , we employ following measures of "goodness of fit" of the estimated VIX future prices: the absolute percentage error (APE), the average absolute error (AAE), the average relative percentage error (ARPE) the root-mean-square error (RMSE) and the residual standard error (RSE), which are given by 
where SSE is the sum of square error, n is the number of observations and k is the number of parameters to be estimated. By using the estimated parameters reported in Table 1 , we compute the VIX futures prices with different maturities on Jan 13, 2017. The values of APE, AAE, ARPE, RMSE and RSE are tabulated in Table 2 . From the Table 2 , we can draw some conclusions about the pricing performance. All these five different measures of pricing performance show that the VIX futures prices estimated from closed-form solutions are more accurate than those estimated from convexity correction approximation for both Heston's and Bates' models, generally. However, the convex correction method outperforms the closed-form solution method for the short-term futures in the Heston's model. Also, for short-term and medium-term futures, Bates' model with closed-form solution performs better than the other cases.
To illustrate the pricing performance more clearly, we plot the market prices of VIX futures and estimated prices on the same graph in Figure 1 . It can be observed that the Heston model with convexity correction approximation always overvalue the futures; for the short-term VIX futures, the Bates model with closed-form solution provides the best estimation; for the VIX futures with medium to long term maturities, all of the pricing methods will over-price the futures.
However, we think the trading volumes of VIX futures is a main reason for the poor pricing performance for long-term VIX futures. From Table 3 we can see that the trading of short-term VIX future (within one month) are very active, and the total trading volume decreases significantly as the timeto-expire increases. The data we downloaded from CBOE website shows that there is no VIX future with maturity longer than 250 days had been traded in the market. To some degree, this explain the deviation of the estimated price and the market price of long-term futures as in Figure 1 . The prices of long-term VIX futures with low trading volume are model-free and thus cannot reflect the market expectation on the underlying asset.
For better comparison of pricing performance for short-term VIX futures, we pick more short-term VIX futures and repeat the procedure, and we get the pricing result as in Figure 2 , which shows that Bates (closed-form) can provide relatively reliable estimation of the market price, and it is even more accurate when the time to expire is between 25 to 35 days. We want to point out that the conclusion would be more convincing if we took VIX futures on different date into account instead of only considering the pricing performance on Jan 13, 2017. One possible way to do that is collect the market data, sort all the observed futures pricing according to expiration, group these futures by every 30 days to expiration, and then compute the average prices of each group [Zhu 2011] . Due to the computational complexity, in this thesis we just use the data on a specific date to provide an intuitively understanding, although the conclusions coincide with those in [Zhu, 2011] .
Conclusion
In this paper, we considered variance and volatility swaps pricing for different stochastic volatility models, such as Heston, Bates, Merton and Lévy-based Heston models, and presented numerical results based on historical data of the S&P 500 Index, January 13, 2005-January 13, 2017. We also studied VIX futures pricing for the Heston and the Bates models, presented empirical studies for them, based on the above-mentioned data, and performed comparative studies. 
